We study the electronic screening of the long-range Coulomb interaction in graphene nanoribbons (GNRs) with armchair and zigzag edges as a function of the ribbon width by employing ab initio calculations in conjunction with the random-phase approximation. We find that in GNRs with armchair edges quantum confinement effects lead to oscillatory behavior of the on-site screened Coulomb interaction with the ribbon width. Furthermore, the reduced dimensionality and the existence of a band gap result in a nonconventional screening of the Coulomb interaction; that is, it is screened at short distances and antiscreened at intermediate distances, and finally, it approaches the bare (unscreened) interaction at large distances. In the case of GNRs with zigzag edges the presence of edge states strongly affects the screening, which leads to a strong reduction of the effective on-site Coulomb interaction (Hubbard U ) parameters at the edge. We find that the interactions turn out to be local; the nonlocal part is strongly screened due to edge states, making GNRs with zigzag edges correlated materials. On the basis of the calculated effective Coulomb interaction parameter U , we discuss the appearance of ferromagnetism at zigzag edges of GNRs within the Stoner model.
I. INTRODUCTION
The experimental synthesis of graphene has led to a huge growth in interest in the application of carbon-based materials for nanoelectronics [1] [2] [3] . Despite its extraordinary electronic and mechanical properties, graphene is not magnetic and has no band gap, which makes it difficult to use in practical digital circuits as well as for spintronic applications. Cutting graphene along particular directions, which produces graphene nanoribbons (GNRs) with armchair and zigzag edges, can change dramatically the electronic and magnetic properties of graphene [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . GNRs with armchair edges are considered to be promising materials for low-power, high-frequency field-effect transistors due to their finite band gaps [15] . A number of spintronic devices based on spin-polarized edge states of GNRs with zigzag edges have been proposed [16] [17] [18] [19] [20] . Various fabrication techniques such as lithographic methods [14, 21, 22] , unzipping of carbon nanotubes [23] [24] [25] [26] , and chemical synthesis [27] [28] [29] have been developed to produce high-quality GNRs with widths smaller than 10 nm.
GNRs with armchair edges are classified into different categories depending on their electronic band structures [6, 7] . The band gaps of 1-10-nm-wide armchair GNRs were found to be in the range 0.15 to 1 eV in experiment [5, 6] , and they decrease with increasing ribbon width [5] [6] [7] . The reduced dimensionality in GNRs with armchair edges is expected to give rise to a significant enhancement of the Coulomb * hanifhadipour@gmail.com † ersoy.sasioglu@physik.uni-halle.de interaction. The incorporation of electron-electron correlation effects within the GW approximation results in large bandgap values of about 2.5 eV in armchair GNRs of 1.5 nm width [30] . On the other hand, the interplay of reduced dimensionality and finite band gap results in nonconventional screening of the long-range part of the Coulomb interaction in low-dimensional semiconductors and insulators [31] [32] [33] [34] [35] . One of the consequences of such a nonconventional screening is the large exciton binding energy (as large as 1.5 eV) [36] [37] [38] [39] [40] [41] . The latter was determined experimentally in armchair GNRs of 0.7-1-nm width. This value is in good agreement with ab initio calculations [31, 36, 39] . Nonconventional screening of the Coulomb interactions occurs also in semiconducting carbon nanotubes [33] . In spite of several theoretical studies of Coulomb interactions in two-dimensional graphene [42] [43] [44] [45] [46] [47] [48] [49] and the experimental indication of nonconventional screening in GNRs with armchair edges, up to now there has not been a study addressing Coulomb interactions from an ab initio perspective.
The existence of spin-polarized edge states in GNRs with zigzag edges makes these systems extremely important not only for technological applications but also for testing theories of magnetism for one-dimensional (quasi-one-dimensional) materials. According to the Mermin-Wagner theorem, a longrange magnetic order in one-and two-dimensional systems at finite temperatures is not possible [50] . However, theoretical studies have shown that due to the very high value of the spinwave stiffness (D = 2100 meV Å 2 ) the spin correlation length was found to be around 1 nm at room temperature [51, 52] . Recent experiments provided evidence for ferromagnetism in GNRs with zigzag edges at room temperature [5] . The presence of edge states results in a relatively large contribution to the density of states (DOS) near the Fermi energy E F , and thus even a weak Coulomb interaction makes the edge states magnetic within the Stoner model. The edge states are also expected to enhance the screening, and thus the local Coulomb interaction may change substantially across the GNRs. Moreover, the Coulomb interaction plays an important role in understanding electronic, magnetic, and transport properties of GNRs with zigzag edges [53] .
In this paper we study the screening of the long-range Coulomb interaction between p z electrons in GNRs with armchair and zigzag edges as a function of ribbon width by employing ab initio calculations in conjunction with the random-phase approximation (RPA) within the full-potential linearized augmented plane wave (FLAPW) method. We find that in GNRs with armchair edges the quantum confinement effects lead to oscillatory behavior of the on-site screened Coulomb interaction as a function of the ribbon width. Furthermore, the existence of the band gap and reduced dimensionality results in a nonconventional screening of the Coulomb interaction, which means that the interaction is screened at short distance, it is antiscreened at intermediate distances, and, finally, it is unscreened at large distances. Moreover, the obtained Coulomb interaction parameters in GNRs with armchair edges are larger than the ones in pristine graphene. In the case of GNRs with zigzag edges, the situation is quite different; the presence of edge states strongly affects the screening, which leads to a strong reduction of the effective Coulomb interaction (Hubbard U ) parameter at the edges. The interactions turn out to be local; the nonlocal part is strongly screened due to edge states, making zigzag GNRs materials with much stronger local correlations than GNRs with armchair edges due to the larger gradient of the Coulomb interaction. On the basis of calculated effective Coulomb interaction parameters U we discuss the appearance of ferromagnetism at zigzag edges of GNRs using the Stoner model. The rest of this paper is organized as follows. The method and computational details are presented in Sec. II. Section III deals with the results and discussion, and finally, in Sec. IV we give the conclusions.
II. COMPUTATIONAL METHOD
To consider two shapes of graphene nanoribbon edges, namely, zigzag and armchair edges, we use two different groups of conventional orthorhombic unit cells for simulations. In the first group [see Figs. 1(a)-1(d)], carbon atoms along the ribbon edges form an armchair pattern with the parameter N a -GNRs. According to the convention in GNRs [6, 7] , armchair GNRs are classified into three categories: N a = 3p, N a = 3p + 1, and N a = 3p + 2, where N a is the number of dimer lines across the ribbon width and p is an integer. Here, in order to compare the systems in different categories we choose 6-AGNR, 7-AGNR, and 8-AGNR with the same p = 2, and also we present the results for 9-AGNR to compare with 6-AGNR with the same category but different p. The second group, N z -GNRs, with N z zigzag chains across the ribbon width, includes 6-ZGNR, 7-ZGNR, and 8-ZGNR, as depicted in Figs direction. The edge carbon atoms are passivated by hydrogen atoms. For comparison, pristine graphene is also considered.
In this work we study partially and fully screened Coulomb interaction parameters calculated with the ab initio constrained random-phase approximation (cRPA) and RPA methods, respectively. The fully screened Coulomb interaction W is related to the bare Coulomb interaction v as
where ǫ(r, r ′′ ,ω) is the dielectric function. In the RPA of the dynamically screened Coulomb interaction, dielectric function is related to the electron polarizability P by
where the polarization function P (r ′′ , r ′ ,ω) is given by
Here, ǫ σ km are single-particle Kohn-Sham eigenvalues obtained from density functional theory (DFT), and η is a positive infinitesimal. Further, ϕ σ km (r ) are the single-particle Kohn-Sham eigenstates with spin σ , wave number k, and band index m. The tags occ and unocc above the summation symbol indicate that the summation is, respectively, over only occupied and unoccupied states.
The cRPA method allows us to calculate the effective Coulomb interaction (also called partially screened interaction) between p z electrons in GNRs. In this approach, in order to exclude the screening due to certain electrons we separate the full polarization function in Eq. (3) into two parts:
where P z includes only transitions between the p z states and P r is the remainder. Then, the frequency-dependent effective Coulomb interaction is given schematically by the matrix equation
Application of Eq. (4) to materials with entangled bands is not straightforward. Because p z states may be mixed with other extended s, p x , and p y states at some parts of the Brillouin zone, there is no unique identification of the p z → p z transitions for constructing P z . To identify the correlated subspace and reveal the mixing of p z states with other bands in the GNRs, total and projected band structures for two systems, 7-AGNR and 6-ZGNR, are depicted in Figs. 2(a) and 2(b), respectively. The results for edge and inner C atoms are also reported separately. For both systems the contribution of p z states around E F is significant compared to p x , p y , and s orbitals. The p z bands are disentangled from the rest in a large energy interval from −3 to 3 eV. For higher energies, p z states are crossed by other bands and also mixed with them, which means they are entangled bands. Several procedures have been proposed in the literature to calculate P z for entangled bands [54, 55] . In this work we use the method described in Ref. [55] . Here, we first define the probability to find p z electrons of C atoms in eigenstate ϕ σ km as
Here, the unitary matrices T σ k i,mn are determined from the concept of maximally localized Wannier functions,
where w σ in (r ) is a maximally localized Wannier function located at site i, N is the number of discrete k points in the full Brillouin zone, and R i is the position vector of atomic site i. The matrices T σ k i,mn are determined by minimizing the spread of the Wannier functions,
Here, the sum runs over all Wannier functions. From Eq. (7) it is clear that we need to know which bands should be included for the construction of the maximally localized Wannier states. Since p z bands are extended to very high energies, crossing p y and p x bands (except in the −3to3eV region), we have included a large number of bands (ten bands per C atom here) for the construction of the Wannier orbitals to make sure that enough bands are selected such that the entire correlated p z electron character is contained.
For entangled states the probability c σ km < 1i nE q .( 6), while for disentangled states c σ km = 1. Then, the probability of an electron to be in the p z correlated subspace before and after a transition ϕ
Thus for disentangled states p σ km→k ′ m ′ = 1, and for entangled states p σ km→k
By calculating the total polarization from Eq. (3) and P z from Eq. (10), P r can be obtained from Eq. (4). For completeness, the effective Coulomb matrix within the selected subspace is computed by
In the present case, we consider only a single Wannier orbital w R (r )o fp z orbital character. The local Hubbard U parameter is then identical to the matrix element
In this work we consider only the static limit (ω = 0). Note that although the matrix elements of the Coulomb potential are formally spin dependent due to the spin dependence of the Wannier functions, we find that this dependence is negligible in practice. Ground-state DFT calculations are carried out using the FLAPW method as implemented in the FLEUR code [56] . We use the generalized gradient approximation (GGA) parameterized by Perdew, Burke, and Ernzerhof (PBE) [57] for the exchange-correlation energy functional. Dense 24 × 1 × 1 and 24 × 24 × 1 k-point grids are used for unit cells of GNRs and pristine graphene, respectively. A linear momentum cutoff of G max = 4.5 bohr
is chosen for the plane waves. The DFT calculations are used as an input for the SPEX code [58] to perform RPA and constrained RPA calculations for the fully screened and partially screened (Hubbard U ) Coulomb interaction [54, 55, 59] . The maximally localized Wannier functions (MLWFs) are constructed with the Wannier library [60, 61] using ten bands per carbon atom and a dense k-point grid of 40 × 1 × 1 and 18 × 18 × 1 for GNRs and pristine graphene, respectively.
To verify the validity of calculated Wannier functions, in Figs. 3(a) and 3(c) we present the DFT-PBE band structure and Wannier-interpolated bands obtained from the subspace selected by projecting onto atomic p z orbitals on each C atom for 7-AGNR and 6-ZGNR, respectively. We have also visualized the p z -like MLWFs of edge C atoms in Figs. 3(b) and 3(d) for two systems. As seen from the band structures, the overall agreement between original and Wannier-interpolated bands is quite good. Small deviations appear for states far from the Fermi energy E F .
III. RESULTS AND DISCUSSION
We start with the discussion of on-site Coulomb interaction parameters for the GNRs with armchair edges having four different widths, i.e., w a = 6.2 Å (6-AGNR), w a = 7.4Å(7-AGNR), w a = 8.6 Å (8-AGNR), and w a = 9.9 Å (9-AGNR). In Fig. 4 we present on-site effective Coulomb interaction parameters (Hubbard U ) as well as the fully screened interaction W in order to get insight into the contribution of p z electrons to the total screening process. For comparison, the corresponding U and W values for pristine graphene are presented with dashed lines. Generally, the patterning of graphene into armchair ribbons enhances the on-site Coulomb interaction U and W compared to pristine graphene due to the existence of the band gap in the single-particle spectrum. For example, considering the smallest armchair system, 6-AGNR, the calculated U (W ) values turn out to be around 9.2 eV (5.5 eV) for all C atoms compared to that of 8.7 eV (4.2 eV) for pristine graphene. The enhancement of the Coulomb interaction is stronger for the fully screened W , which reveals that the contribution of p z −→ p z transitions is small in armchair GNRs, presumably because of the existence of a band gap. We find that partially (fully) screened Coulomb interaction parameters U (W ) for different carbon atoms across the armchair nanoribbon are nearly identical. To see the contribution of different C atoms, we present the projected DOS for inner and edge C atoms in the case of 7-AGNR. As seen in Figs. 5(d) and 5(e), the value of the band gap and the contribution of p z states around E F are similar for the two C atoms. This explains why the C atoms in armchair GNRs exhibit very similar U and W values. Despite very similar U and W within each armchair GNR, strong oscillations are seen with increasing ribbon width, especially for W , which can be attributed to the quantum confinement effects, as will be discussed below.
Previous ab initio calculations for AGNRs have shown that there is a close relation between nanoribbon width and its electronic properties due to quantum confinement effects [5, 7, 30, 62] . It was predicted that GNRs with hydrogenpassivated armchair edges have oscillatory band gaps as a function of the ribbon width [7, 30] . Theoretical predictions of this oscillatory behavior of the band gap in AGNRs were recently confirmed by experiments [5, 6] . To reveal the influence of quantum confinement effects on the screening of Coulomb interaction, we present in Fig. 5 the GGA band gap and the average U and W parameters of C atoms as a function of the ribbon width for armchair systems. Since the Coulomb matrix elements for different C atoms across the ribbons are nearly identical, we assign the average of Coulomb interaction to each ribbon. Quantum confinement effects give rise to oscillatory band gaps, which is reflected in the equally oscillatory behavior of the U and W parameters. Moreover, both partially and fully screened Coulomb interactions (U , W ) decrease as a function of increasing ribbon widths in each family, which is in good agreement with the behavior of our calculated band gaps. The large Coulomb matrix elements for small-width armchair GNRs are in agreement with significant many-body GW corrections to the band gaps, which are in the range of 0.5-3 eV in armchair GNRs of 0.4-1.6-nm width (see Ref. [30] ). For sufficiently large widths, one expects the fully screened interaction to reach the graphene limit of 4.2 eV.
The long-range Coulomb interactions play an important role in determining the phase diagram of hexagonal carbonbased materials [44, 45, 48] . Previous ab initio studies of the effective Coulomb interaction in pristine graphene revealed a significant nonlocal part of U [48] . For the present systems we expect even stronger nonlocal interactions due to reduced dimensionality and the existence of the band gap. In also presented. We find sizable off-site U and W parameters at short distances which decay slowly due to the weak screening. Furthermore, the nonlocal Coulomb interaction across the ribbon is slightly larger than the one along the ribbon. The difference V − W decreases with increasing distance because, at large distances, the screened interaction has to approach 1/εr and the dielectric constant ε = 1 for low-dimensional systems. At intermediate distances, however, we see that V − W can become negative, indicating a nonconventional screening of interactions in these quasi-one-dimensional armchair GNRs.
As we have seen above, the V − W difference can become negative at intermediate distances for AGNRs, which is a sign of the nonconventional screening as it is observed in several low-dimensional semiconductors and insulators [32, 33] . To reveal the intermediate-and long-range behavior of the Coulomb interaction in armchair GNRs we have extended the calculations of W to much larger distances, and in Fig. 7 we present the V − W difference for both central and edge atoms of armchair GNRs. At short distances the V − W difference is positive, i.e., W<Vas expected, while with increasing distance the V − W difference changes sign and becomes negative, which means that the screened interaction W becomes larger than the bare interaction V . This is called antiscreening. Considering the central atoms in the smallest nanoribbon, 6-AGNR, the antiscreening is observed between the critical distances r c1 = 22 Å, where the transition from screening to antiscreening takes place, and r c2 = 115 Å, where the transition from antiscreening to unscreening (or very weak screening) occurs. As for 7-AGNR, 8-AGNR, and 9-AGNR, the critical distance r c1 is, respectively, 22, 35, and 25 Å for central atoms. As expected, the antiscreening region r c2 − r c1 decreases with increasing the ribbon width in each family of armchair systems. For example, the antiscreening tends to be more reduced in 9-AGNR than in 6-AGNR. Moreover, the antiscreening weakens as one moves from the central to the edge atoms in armchair GNRs, especially in the case of 8-AGNR and 9-AGNR. The physical origin of the antiscreening in low-dimensional materials has been addressed in detail in recent publications by the present authors and will not be discussed here [63, 64] . In general, the antiscreening in armchair GNRs is one order of magnitude smaller than the one observed in transition-metal oxide clusters Fe x O y . Furthermore, the critical distance for the onset of antiscreening in armchair GNRs is significantly longer than in zero-dimensional molecules and clusters (benzyne, r c1 = 3-4 Å [32] ; Fe x O y , r c1 = 2-3 Å [63] ; and Nb 4 Co, r c1 = 3.9Å [ 64] ). On the other hand, the onset of antiscreening in armchair GNRs is comparable to that of the quasi-one-dimensional singlewall carbon nanotubes, for which r c1 is found to be around 20 Å [33] .
So far we have seen that a distinct feature of electrons in armchair GNRs is the significantly reduced and nonconventional dielectric screening of Coulomb interactions. An important consequence of this nonconventional screening is the formation of tightly bound excitons with binding energies of about 1.5 eV, as observed experimentally in armchair GNRs [39, 41] . This is one order of magnitude larger than the corresponding binding energy in bulk semiconductors and is in good agreement with ab initio calculations [31, 36, 37, 65] . It is worth noting that other low-dimensional semiconductors and insulators such as graphane [34] , fluorographene [66] , and transition-metal dichalcogenides [67] [68] [69] [70] [71] [72] possesses tightly bound excitons, and their dispersion strongly deviates from the hydrogenic Rydberg series, revealing a significantly reduced and nonlocal dielectric screening of the Coulomb interaction in these materials.
Above we discussed the screening of the Coulomb interaction in armchair GNRs. In the following we will consider zigzag GNRs of different widths [w z = 12 Å (6-ZGNR), w z = 14 Å (7-ZGNR), and w z = 16 Å (8-ZGNR)]. GNRs with zigzag edges possess magnetic edge states, but our calculations have shown that the spin polarization has a negligible influence (0.1-0.3 eV) on the Coulomb interaction parameters, and thus the on-site U and W values presented in Fig. 8 are for the non-spin-polarized case. As can be seen, the fully screened Coulomb interaction parameters for the inner carbon atoms are very similar to the ones for pristine graphene, while for the edge atoms we obtain a substantial reduction in W . A similar difference between the parameters of edge and inner atoms is observed for the Hubbard U parameter, but U is considerably smaller than in pristine graphene. The strong reduction in U and W for edge atoms can be explained by the atom-and orbital-resolved DOSs presented in Fig. 8 .T h ep z electrons for the edge atoms are responsible for this reduction. As seen in Fig. 8 , the edge atom has a large p z peak around E F , while for inner atoms this peak almost disappears. As a consequence, the contribution of the p z → σ channel (as well as p z → p z ) to the electronic polarization function increases substantially, which increases the dielectric screening and as a result gives rise to smaller U (W ) Coulomb interaction parameters for the edge atoms. Moreover, edge states in zigzag GNRs strongly influence nonlocal Coulomb interactions, making them extremely short range. As shown in Figs. 6(c) and 6(d), the Hubbard U and W along the ribbon are fully screened at distances larger than 5 Å, while across the ribbon U becomes slightly long range (∼10 Å).
The gradient of the long-range Coulomb interaction U (r ) plays a crucial role in determining the strength of electronic correlations and classification of the materials [32, 46] . In this respect, due to long-range Coulomb interactions the armchair GNRs can be considered weakly correlated materials, and thus standard DFT is expected to describe appropriately the electronic properties of these materials. On the other hand, due to the large gradient of the Coulomb interaction zigzag GNRs can be seen as correlated systems exhibiting rich physical behavior, such as edge ferromagnetism, as will be briefly discussed below. It is worth noting that according to the Hubbard model, strength of the correlation is determined by the ratio of on-site Coulomb interaction U and the bandwidth which means that ZGNRs are moderately correlated materials. For construction of the ab initio model Hamiltonians, in addition to Coulomb interaction parameters, single-particle energy spectra, i.e., hopping parameters, are needed. The latter is presented in Table I for the case of 6-ZGNR from the firstto third-nearest neighbors obtained from Wannier functions. The results are in good agreement with reported values of t 01 , t 02 , and t 03 , which are in the range of 2.5-3, 0.1-0.5, and 0.3-0.5 eV, respectively [73] [74] [75] [76] [77] [78] .
Finally, we discuss the appearance of ferromagnetism in GNRs with zigzag edges. Due to the peculiar geometric structure, the p z orbitals of the edge carbon atoms yield the formation of nonbonding π orbitals, which makes these materials metallic [see Fig. 8(d) ] in non-spin-polarized calculations, and thus the system becomes unstable against the formation of a magnetic ground state if the Stoner criterion is satisfied. It is worth noting that due to the itinerant character of the p z electrons, the Stoner model is well suited for the zigzag GNRs. In Fig. 9 we present the Stoner criterion for zigzag GNRs with two different widths (6-ZGNR and 8-ZGNR). As seen in both cases, only the edge atoms satisfy the criterion, and indeed in spin-polarized calculations we obtain a sizable magnetic moment (0.29µ B ) for the edge atoms. Small magnetic moments in inner atoms are induced. The edge magnetic moments are coupled antiferromagnetically across the ribbon, while the coupling is ferromagnetic along the ribbon. Recent scanning tunnel microscopy experiments have shown that large spin splittings at the Fermi level are present in zigzag GNRs narrower than a couple of nanometers [5, 79] , providing evidence for a room-temperature edge ferromagnetism in these materials. Using experimental results, the magnitude of the on-site repulsion U was estimated to be around 4.32 eV for nanoribbons with an ideal zigzag edge [5] . The estimated value is in reasonable agreement with our calculated U of 5eV .
IV. CONCLUSION
Employing first-principles calculations in conjunction with the random-phase approximation we have studied the screening of the long-range Coulomb interactions for p z electrons in armchair and zigzag GNRs as a function of the ribbon width. Our calculations have shown that in GNRs with armchair edges quantum confinement effects lead to oscillatory behavior of the on-site screened Coulomb interaction with ribbon width. Furthermore, the reduced dimensionality and the existence of a band gap results in a nonconventional screening of the Coulomb interaction; that is, at intermediate distances (20 Å <r< 100 Å) we obtain an antiscreening (i.e., the screened interaction W becomes larger than the bare interaction V ). In the case of GNRs with zigzag edges, the situation is quite different; the presence of edge states strongly affects the screening, which leads to a strong reduction of the effective Coulomb interaction (Hubbard U ) parameter at the edge. We find that the interactions turn out to be local; the nonlocal part is strongly screened due to edge states, making GNRs with zigzag edges correlated systems, as the gradient of the Coulomb interaction is much larger than that of the GNRs with armchair edges. On the basis of calculated effective Coulomb interaction parameters U we discuss the appearance of ferromagnetism at zigzag edges of GNRs using the Stoner model. The calculated U parameters are not only important for a fundamental understanding of ferromagnetism in zigzag GNRs, but they can also serve as effective interaction parameters to be used in model Hamiltonians applied to describe electronic, optical, and magnetic properties. This provides model parameters from first principles rather than having to fit them to experimental data, thus increasing the predictive power of model Hamiltonian calculations.
